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Second Variation of Energy Functions
associated to Families of
Canonically Polarized Manifolds
CHE-HUNG HUANG
1. Introduction and statements of results
Let X pi→ S be a holomorphic family of canonically polarized manifolds over a
complex manifold S, and f ∶ X → N a smooth map into a Riemannian manifold N.
Consider the energy function E ∶ S → R that assigns z ∈ S to the Dirichlet energy
of the map f ∣Xz ∶ Xz → N, where Xz = pi−1(z) is the fiber over z. In this article,
we compute the second variation formula for the energy function E. As a result,
we show that if N is of non-positive complexified sectional curvature and every
map f ∣Xz ∶ Xz → N is harmonic, then E ∶ S → R is plurisubharmonic.
Our main results are the following:†
PROPOSITION 1.1 (Second Variation Formula). Let pi ∶ X → S be a holomorphic
family of canonically polarized manifolds over a complex manifold S. Endow each fiber
Xz = pi−1(z) with the Ka¨hler-Einstein metric gαβ whose Ka¨hler form ωz lies in c1(KXz).
Let f ∶ X → N be a smooth map into a Riemannian manifold (N, h = hij dyidyj), and
consider the energy function
E ∶ S → R, z ↦ 1
2
∫Xz ∣dφz∣
2 dVωz ,
where φz ..= f ∣Xz . Then
√−1 ∂∂E = ∫X/S (
−1
4
Rijkl ∂ f
i ∧ ∂ f j ∧ ∂ f k ∧ ∂ f l + 1
2
hij∇∂ f i ∧∇∂ f j) ∧Ω.
REMARK. ∫X/S = pi∗ is the integration over the fibers, and R is the Riemann
curvature tensor of N. Our reference for the sign convention for R is Sampson
[7]. We denote by ∇ the (0, 1) part of the exterior covariant derivative on f ∗TCN
induced by the Levi-Civita connection on N, and set Ω = ωn−1X / (n − 1)!, where
n = dimCXz and ωX is the first Chern form of the relative canonical bundle KX/S.
†All manifolds in this article are assumed to be connected.
2COROLLARY 1.2. Assume φz ∶ Xz → N is harmonic for every z ∈ S. Then the Levi
form of E ∶ S → R is given by
(1)
∂2E(z)
∂zλ∂zµ
ηληµ = −2∫Xz R( f∗
∂
∂vα , f∗Hη , f∗
∂
∂vβ
, f∗Hη) gαβ dVωz
+2∫Xz h (DHη f∗
∂
∂vα , DHη f∗
∂
∂vβ
) gαβ dVωz .
REMARK. The metric and curvature tensors on N (h and R, respectively) are
extended by C-linearity, and are viewed as C∞ sections of f ∗(T∗
C
N⊗r ⊗ TCN⊗s)
overX . The local coordinates of X and S are chosen so that pi ∶ X → S is in the local
normal form (z1, ..., zm, vm+1, ..., vm+n) ↦ (z1, ..., zm). On the other hand, D denotes
the induced exterior covariant derivative on f ∗TCN, and Hη is the horizontal lift
of η = ηλ ∂
∂zλ
with respect to ωX .
COROLLARY 1.3. If R(X,Y,X,Y) ≤ 0 for all X,Y ∈ TCN, and every φz ∶ Xz → N is
harmonic, then
√−1 ∂∂E ≥ 0 on S. If in addition, R(X,Y,X,Y) < 0 whenever X ∧Y ≠ 0,
and for some z0 ∈ S, φz0 is an immersion and the Kodaira-Spencer map at z0 is injective,
then
√−1 ∂∂E(z0) > 0.
REMARK. We will say that a Riemannian manifold (N, h) is of non-positive
complexified sectional curvature provided R(X,Y,X,Y) ≤ 0 (X,Y ∈ TCN). See,
e.g., [3] for examples of this type of manifolds. On the other hand, the required
family {φz}z∈S of harmonic mappings can typically be constructed by applying
regularity theorems for harmonic mappings (see [11] or [2, p. 36]).
REMARK. In the case pi ∶ X → T is the universal family over Teichmu¨ller space,
Corollary 1.3 was first proved by Toledo [11], and was later obtained by Kim, Wan,
and Zhang [5] using the method of fiber integration. We will follow the approach
of [5]. Our aim in this paper is to derive the results stated above.
2. Preliminaries
As in Proposition 1.1, we fix a holomorphic family pi ∶ X → S of canonically
polarized manifolds over a smooth base S. When working in local coordinates,
we assume that pi ∶ X → S is in local normal form, i.e., for each x ∈ X , we choose
local coordinates (z1, ..., zm, vm+1, ..., vm+n) on a neighborhoodU of x inX such that
(i) (z1, ..., zm) are local coordinates of S on pi(U), and
(ii) pi is given in these coordinates by the projection
(z1, ..., zm, vm+1, ..., vm+n) ↦ (z1, ..., zm).
3The Ka¨hler-Einstein metrics g
αβ
on Xz depend smoothly on z ∈ S, and induce a
Hermitian metric on the relative tangent bundle TX/S ..= ker(dpi) = ⋃x∈X TXpi(x), x,
whose associated (1,1)-form ωX/S = (√−1 /2) gαβ dvα ∧ dvβ satisfies ωz = ι∗z ωX/S
for all z ∈ S, where ιz ∶ Xz ↪ X is the inclusion. Consider the induced Hermitian
metric e−ϕ = 1/det(g
αβ
) on the relative canonical bundle KX/S = ⋀n T∗X/S. We set
ωX =
√−1
2pi
∂∂ϕ ∈ c1(KX/S),
which is the first Chern form associated to (KX/S, e−ϕ). In particular, ωX is a d-
closed (1,1)-form on X . The fiberwise Ka¨hler-Einstein condition reads
ωz = ι∗zωX for all z ∈ S.
In terms of the coordinates (vm+1, ..., vm+n) of Xz, the above condition is given by
√−1
2
g
αβ
dvα ∧ dvβ = −
√−1
2pi
R
αβ
dvα ∧ dvβ,
where R
αβ
= − ∂2 log(g)
∂vα∂vβ
and g = det(g
αβ
). Locally we will write
ωX =
√−1
2
(gλµ dzλ ∧ dzµ + gλβ dzλ ∧ dvβ + gαµ dvα ∧ dzµ + gαβ dvα ∧ dvβ) .
There is a short exact sequence of holomorphic vector bundles
0→ V → TX dpi→ pi∗TS → 0
over X , where V = TX/S is the vertical bundle. The closed (1, 1)-form ωX is not
necessarily positive on TX . Nevertheless, its restriction to the subbundle V ⊂ TX
is > 0, and defines the same Hermitian metric as ωX/S. This allows us to define
the projection P onto V with respect to ωX , which is a C∞ bundle endomorphism
of TX satisfying P2 = P and P∣V = idV . The horizontal bundle with respect to ωX
is then defined to be the kernelH = ker(P). The C∞ bundle isomorphism
dpi∣H ∶ H ≅→ pi∗TS
provides a natural way of lifting vector fields to X , called the horizontal lifting
(which agrees with the canonical lifting in the sense of Siu [8]). For a coordinate
vector field ∂
∂zλ
defined on an open set U ⊂ S, the horizontal lift Zλ of ∂∂zλ (with
respect to ωX ) is a C∞ vector field on pi−1(U) that is locally given by
Zλ = ∂
∂zλ
+ aαλ ∂∂vα ,
where aαλ
..= −g
λβ
gαβ and gαβ are the components of the inverse matrix of (g
αβ
).
4Evidently, pi∗Zλ = ∂∂zλ , and the sections Zλ ∈ C∞(pi−1(U),H), λ = 1, ...,m, form a
basis of local sections ofH over pi−1(U). We can write
Hx = C {Zλ} and Vx = C { ∂∂vα} .
By duality, T∗X =H∗ ⊕V∗, where
H∗x = C {dzλ} and V∗x = C {δvα ..= dvα − aαλdzλ} .
Let D be the exterior covariant derivative on f ∗TCN given by the f -pullback
of the C-linear extension of the Levi-Civita connection on N. The decomposition
of the complexified tangent bundle
TCX = TX ⊕ TX = (H⊕V)⊕ (H⊕V)
induces the corresponding decompositions
d = ∂ + ∂ = (∂H+ ∂V) + (∂H+ ∂V)
and
D = ∇+∇ = (∇H +∇V) + (∇H +∇V)
for the exterior derivative d and the covariant derivative D. Consider a smooth
map f from X into a Riemannian manifold N as in Proposition 1.1. The complexi-
fied differential d f ∶ TCX → f ∗TCN can be decomposed accordingly. We have
∂Hf = f iλ dzλ ⊗ ∂∂yi and ∂
Vf = f iα δvα ⊗ ∂∂yi ,
where
f iλ
..= Zλ f i and f iα ..= ∂ f
i
∂vα
;
moreover, ∂Hf = ∂Hf and ∂Vf = ∂Vf , where ⋅ is the natural antilinear involution
on a complexified bundle. We remark that throughout the subscripts λ and µ,
when used for directional/covariant derivatives, stand for the ones with respect
to Zλ and Zµ, respectively. For example, f
i
λ = Zλ f i, Dµ f iα = DZµ f iα, etc.
Let TXz denote the sheaf of germs of holomorphic vector fields on Xz, and
consider the Kodaira-Spencer map
ρ ∶ TS, z → H1(Xz,TXz).
According to Schumacher [9, Prop. 1.1], the harmonic representative of ρ ( ∂
∂zλ
) is
given by
∂Zλ ∣Xz = Aαλβ dvβ ⊗ ∂∂vα ,
where Aα
λβ
..= ∂
∂vβ
aαλ, and the associated 2-tensor Aλβδ dv
β ⊗ dvδ is symmetric.
53. Proofs of the main results
Proof of Proposition 1.1. The energy function is given by
E(z) = ∫Xz hij f
i
α f
j
β
gαβ dVωz
=
√−1
2
∫Xz hij ∂ f
i ∧ ∂ f j ∧ ι∗z Ω,
where the second equality follows from the following lemma.
LEMMA 3.1. Given any C∞ (1,1)-form η on Xz, we have
η ∧ ωn−1z(n − 1)! = 4 ⟨η,ωz⟩ dVωz ,
where ⟨ ⋅ , ⋅ ⟩ is the Hermitian metric on ⋀1,1 TXz induced by the metric gαβ dvα ⊗ dvβ
on TXz .
Proof. Let {ψ1, ...,ψn} be a local unitary coframe for g
αβ
dvα ⊗ dvβ. Then
ωz =
√−1
2
∑
α
ψα ∧ψα.
Writing η =
√
−1
2 ηαβ ψ
α ∧ψβ, we have
η ∧ ωn−1z(n − 1)! = ηαβ ψα ∧ψβ ∧(
√−1
2
)
n
∑
γ
ψ1 ∧ψ1 ∧ ...ψγ ∧ψγ⋀...∧ψn ∧ψn
= (
√−1
2
)
n
∑
γ
∑
α, β
η
αβ
ψα ∧ψβ ∧ψ1 ∧ψ1 ∧ ...ψγ ∧ψγ⋀...∧ψn ∧ψn
= (
√−1
2
)
n
∑
γ
ηγγ ψ
γ ∧ψγ ∧ψ1 ∧ψ1 ∧ ...ψγ ∧ψγ⋀...∧ψn ∧ψn
= (
√−1
2
)
n
∑
γ
ηγγ ψ
1 ∧ψ1 ∧ ...∧ψn ∧ψn
= ∑
γ
ηγγ dVωz = 4 ⟨η,ωz⟩ dVωz .

REMARK. If η ≥ 0 is a positive (1,1)-form on Xz in the sense of Lelong [6], and
the trace measure 4 ⟨η,ωz⟩ = ∑ηγγ vanishes identically on Xz, then the (1,1)-form
η is identically zero on Xz. This property of positive (1,1)-forms will be used later
in the proof of Corollary 1.3.
6Our main tool is the geometric operation known as fiber integration (see, e.g.,[4], Chap. VII); we consider the energy function as a smooth form of degree 0 on
S given by the fiber integral
E =
√−1
2 ∫X/S hij ∂ f
i ∧ ∂ f j ∧Ω
=
√−1
2
∫X/S ⟪∂ f , ∂ f⟫ ∧Ω,
where ⟪ ⋅ , ⋅⟫ denotes the extension of the Hermitian metric on f ∗TCN to the space
of f ∗TCN-valued forms obtained by combining the wedge product of forms (see,
e.g., [1, p. 262]). Since fiber integration commutes with ∂, we obtain the following
1-forms on S:
∂E =
√−1
2
∫X/S ∂⟪∂ f , ∂ f⟫ ∧Ω
=
√−1
2 ∫X/S ⟪∇∂ f , ∂ f⟫ ∧Ω− ⟪∂ f ,∇∂ f⟫ ∧Ω
=
√−1
2
∫X/S ⟪∇∂ f , ∂ f⟫ ∧Ω
and ∂E = ∂E, where ∇∂ f = Γijk∂ f j ∧ ∂ f k ⊗ ∂∂yi = 0, since the Christoffel symbols Γijk
are symmetric in j, k and the wedge product is antisymmetric. It follows that
√−1 ∂∂E = −1
2
∫X/S ∂⟪∇∂ f , ∂ f⟫ ∧Ω
= −1
2
∫X/S ⟪∇∇∂ f , ∂ f⟫ ∧Ω + ⟪∇∂ f ,∇∂ f⟫∧Ω.
We have
⟪∇∂ f ,∇∂ f⟫ = hij∇∂ f i ∧∇∂ f j = −hij∇∂ f i ∧∇∂ f j,
since ∇∂ f = (∂∂ f i + Γijk ∂ f j ∧ ∂ f k)⊗ ∂∂yi = −∇∂ f . On the other hand,
⟪∇∇∂ f , ∂ f⟫ = −⟪∇∇∂ f , ∂ f⟫,
where
∇2 ∂ f = 1
2!
Rlkij ∂ f
i ∧ ∂ f j ∧ ∂ f k ⊗ ∂
∂yl
,
since ∇2 is the (2,0)-part of the curvature tensor D2; the last equation can also be
computed directly:
7∇2 ∂ f = ∇((∂∂ f l + Γljk∂ f j ∧ ∂ f k)⊗ ∂∂yl )
= ∂ (Γljk∂ f j ∧ ∂ f k)⊗ ∂∂yl + (∂∂ f l + Γljk∂ f j ∧ ∂ f k)∧ Γ
p
il
∂ f i ⊗ ∂
∂yp
= (∂iΓljk∂ f i ∧ ∂ f j ∧ ∂ f k + ΓpjkΓlip∂ f j ∧ ∂ f k ∧ ∂ f i)⊗ ∂∂yl
= 1
2
(∂iΓljk − ∂jΓlik + ΓpjkΓlip − ΓpikΓljp) ∂ f i ∧ ∂ f j ∧ ∂ f k ⊗ ∂∂yl
= 1
2
Rlkij ∂ f
i ∧ ∂ f j ∧ ∂ f k ⊗ ∂
∂yl
.
It follows that
⟪∇∇∂ f , ∂ f⟫ = −1
2
Rlkij ∂ f
i ∧ ∂ f j ∧ ∂ f k ∧ ∂ f l
= 1
2
Rijkl ∂ f
i ∧ ∂ f j ∧ ∂ f k ∧ ∂ f l .
This concludes the proof of Proposition 1.1. 
Corollary 1.2 follows by expressing the second variation formula in terms of
local coordinates. First, we compute ∇∂ f = (∇H +∇V) (∂H+ ∂V) f , where
∇H∂Vf = ∇H (δvα ⊗ f iα ∂∂yi )
= ∂Hδvα ⊗ f iα ∂∂yi − δvα ∧(∂Hf iα ⊗
∂
∂yi
+ f iα Γlik f kµ dzµ ⊗ ∂∂yl )
= −Zµaαλ dzµ ∧ dzλ ⊗ f iα ∂∂yi − δvα ∧Dµ f iα dzµ ⊗
∂
∂yi
,
∇V∂Vf = ∇V (δvα ⊗ f iα ∂∂yi )
= −Aα
λβ
δvβ ∧ dzλ ⊗ f iα ∂∂yi − δvα ∧Dβ f iα δvβ ⊗
∂
∂yi
,
∇V∂Hf = ∇V (dzλ ⊗ f iλ ∂∂yi ) = −dzλ ∧Dβ f iλ δvβ ⊗
∂
∂yi
,
∇H∂Hf = ∇H (dzλ ⊗ f iλ ∂∂yi ) = −dzλ ∧Dµ f iλ dzµ ⊗
∂
∂yi
.
8Proof of Corollary 1.2. Given a (2, 2)-form θ on X , we would like to express the(1, 1)-form on S:
∫X/S θ ∧Ω
in terms of local coordinates. This can be done by substituting a local expression of
θ in the above integral, and observing that the only components of θ contributing
to the integral are those involving dzλ ∧ dzµ ∧ δvα ∧ δvβ for some λ,µ, α, β. Thus
the curvature term in the second variation formula can be written as
∫X/S
−1
4
Rijkl ∂ f
i ∧ ∂ f j ∧ ∂ f k ∧ ∂ f l ∧Ω
= ∫X/S
−1
4
Rijkl (2 ∂Vf i ∧ ∂Hf j)∧ (2 ∂Vf k ∧ ∂H f l)∧Ω
= ∫X/S −Rijkl ( f iα δvα)∧ ( f
j
λ dz
λ)∧ ( f k
β
δvβ)∧ ( f lµ dzµ)∧Ω
= ∫X/S −Rijkl f iα f
j
λ f
k
β
f lµ (√−1 dzλ ∧ dzµ)∧ (√−1 δvα ∧ δvβ)∧Ω
= √−1 dzλ ∧ dzµ ⋅∫Xz −Rijkl f iα f
j
λ
f k
β
f lµ (√−1 dvα ∧ dvβ)∧ ω
n−1
z(n − 1)!
= √−1 dzλ ∧ dzµ ⋅∫Xz −2Rijkl f iα f
j
λ f
k
β
f lµ g
αβ dVωz .
On the other hand, the harmonic equation gαβD
β
f iα = 0 implies that
∫X/S
1
2
hij∇∂ f i ∧∇∂ f j ∧Ω
= ∫X/S
1
2
hij (2Dµ f iα (Dβ f jλ − Aγλβ f jγ) δvα ∧ dzµ ∧ dzλ ∧ δvβ)∧Ω.
Observe that
D
β
f
j
λ
= ∂
∂vβ
(Zλ f j)+ Γjkl f kβ f lλ
= Zλ ∂ f
j
∂vβ
+ Γj
kl
f k
β
f lλ + [ ∂
∂vβ
, Zλ] f j
= Dλ f j
β
+ Aα
λβ
f
j
α,
where
[ ∂
∂vβ
, Zλ] f j = ∂
∂vβ
( ∂ f j
∂zλ
+ aαλ ∂ f
j
∂vα
)− ( ∂
∂zλ
+ aαλ ∂∂vα )
∂ f j
∂vβ
= Aα
λβ
∂ f j
∂vα
.
9It follows that
∫X/S
1
2
hij∇∂ f i ∧∇∂ f j ∧Ω
= ∫X/S hijDµ f
i
α Dλ f
j
β
δvα ∧ dzµ ∧ dzλ ∧ δvβ ∧Ω
= ∫X/S hijDµ f
i
α Dλ f
j
β
(√−1 dzλ ∧ dzµ)∧ (√−1 δvα ∧ δvβ)∧Ω
= √−1 dzλ ∧ dzµ ⋅∫Xz hijDµ f iα Dλ f
j
β
(√−1 dvα ∧ dvβ)∧ ωn−1z(n− 1)!
= √−1 dzλ ∧ dzµ ⋅∫Xz 2hijDµ f iα Dλ f
j
β
gαβ dVωz .
This completes the proof. 
Proof of Corollary 1.3. The first part follows readily from Corollary 1.2. Indeed,
the following (1,1)-forms
(2) −√−1R( f∗ ∂∂vα , f∗Hη , f∗ ∂∂vβ , f∗Hη) dvα ∧ dvβ
and
(3)
√−1 h (D
Hη
f∗ ∂∂vα , DHη f∗
∂
∂vβ
) dvα ∧ dvβ
are both ≥ 0, and therefore both integrals in the expression (1) are nonnegative.
Suppose now that N is of strictly negative complexified sectional curvature,
and z0 ∈ S is such that φz0 = f ∣Xz0 ∶ Xz0 → N is an immersion and the Kodaira-
Spencer map at z0 is injective. Assume
∂2E(z0)
∂zλ∂zµ
ηληµ = 0.
We need to show that η = ηλ ∂
∂zλ
= 0. First, it follows from the remark on page 5
that the (1,1)-forms (2) and (3) both vanish at every point in Xz0 . Fix x ∈ Xz0 . There
is an induced coordinate chartU of Xz0 around xwith local coordinates (v1, ..., vn),
where we shift the indices of vα and vβ so that α and β run through 1, ...,n. Then
for any p ∈ U and every α, β ∈ {1, ...,n},
(4) ( f∗ ∂
∂vα
∧ f∗Hη)
p
= 0 and (DHη f∗ ∂
∂vβ
)
p
= 0.
We deduce from the second condition above that at each point in U,
10
D ∂
∂vβ
f∗Hη = ηλD ∂
∂vβ
f∗Zλ
= ηλ (DZλ f∗ ∂
∂vβ
+ Aα
λβ
f∗
∂
∂vα
)
= DHη f∗
∂
∂vβ
+ ηλAα
λβ
f∗
∂
∂vα
= ηλAα
λβ
f∗
∂
∂vα
for all β.
When n = 1, denoting v = v1, the first condition in (4) implies that there exists a
smooth function θ on U such that for any p ∈ U,
( f∗Hη)p = θ(p) ( f∗ ∂∂v)p .
Writing φ = φz0 = f ∣Xz0 , the right-hand side of the above equation is equal to
θ(p) ⋅ d fp ( ∂
∂v
∣
p
) = θ(p) ⋅ dφp ( ∂
∂v
∣
p
) = (φ∗X)p ,
where X ..= θ ∂∂v ∈ C∞(U,TXz0). Using a partition of unity on Xz0 , we obtain a
global vector field Y ∈ C∞(Xz0 ,TXz0) such that ( f∗Hη)p = (φ∗Y)p for all p ∈ Xz0 .
Locally we write Y = Θ ∂∂v . Denoting ι = ιz0 ∶ Xz0 ↪ X , we have at each point in U,
D ∂
∂v
f∗Hη = (ι∗D)∂
∂v
φ∗Y = (ι∗D)∂
∂v
Θ ⋅ φ∗ ∂
∂v
= ∂Θ
∂v
φ∗
∂
∂v
according to the harmonic equation
(ι∗D)∂
∂v
φ∗
∂
∂v
= 0.
Since φ∗ ∂∂v is nowhere zero on U,
∂
∂v
Θ = ηλA1
λ1
identically on U. Since the point
x ∈ Xz0 was arbitrary, we conclude that the Kodaira-Spencer class
ρ (ηλ ∂
∂zλ
) = [ηλA1
λ1
dv⊗ ∂
∂v
] = [∂Θ
∂v
dv⊗ ∂
∂v
] = [∂Y] = 0,
thus η = ηλ ∂
∂zλ
= 0. When n ≥ 2, the first condition in (4) implies that f∗Hη vanishes
identically on Xz0 (since φz0 is an immersion and x ∈ Xz0 was arbitrary), thus
0 = D ∂
∂vβ
f∗Hη = ηλAαλβ f∗
∂
∂vα
for all β.
We therefore conclude that ρ(η) = 0 and thus η = 0. This completes the proof. 
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